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The class F consists of those functions with the property
lim sup
r→1−
T (r, f )
− log(1− r) = α(f ) < +∞.
Herewe study the subclass S ofF which consists of those functions inF with integrals not
inF . In a sense the functions inS forma boundary forF in that all of their derivatives are in
F , but any number of integrals of functions in S are not inF . We analyze the relationships
between S and functions in Hardy, Bergman, and Dirichlet spaces. We also consider the
power series representation of functions in S.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Many results about the value distribution of functions f which are meromorphic in the unit disk D = {z : |z| < 1}which
are analogous to those for meromorphic functions in the plane can be proved, provided
lim sup
r→1−
T (r, f )
− log(1− r) = +∞. (1.1)
However, for functions meromorphic in D for which
lim sup
r→1−
T (r, f )
− log(1− r) = α(f ) < +∞, (1.2)
analogous results may no longer exist, and some striking differences may arise. In [1] Shea and Sons developed properties
for functions in the classF formed by those f meromorphic inD for which (1.2) holds. In particular, they showedF is closed
under differentiation, but is NOT closed under integration.
In this paper we study the subclass S of F which consists of those functions in F with integrals not in F and determine
a number of interesting properties of S, relationships between the class S and important known function classes, and
representations for functions in S. In a sense the functions in S form a boundary for F in that all of their derivatives are in
F , but any number of integrals of functions in S are not in F . Further, T (r, f ) is unbounded in D for each f in S.
Recently a number of studies have been completed concerning solutions in D of linear differential equations for which
the coefficients are in various well-known function classes in D (see Duren and Schuster [2], Heittokangas et al. [3], Girela
[4,5], Hallenbeck and Samotij [6], Shapiro and Shields [7], Benbourenane and Sons [8]). Consequently it is natural to ask
how the class S is related to those function classes. Further, power series representations for functions in S are of interest
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because recent studies of linear differential equations with analytic coefficients in D have noted the nature of power series
solutions (see Heittokangas et al. [3], Juneja and Kapoor [9]).
Our paper is organized as follows: Section 2 contains examples of functions in S and proves some properties of functions
inS; Section 3 describes relationships between the classS and theweightedHardy,weighted Bergman, andDirichlet spaces;
and Section 4 discusses power series representations for functions in the class S.
2. Properties of functions in the class S and some examples
We first state and prove some basic properties of functions in the class S.
Proposition 2.1. Let f and g be functions in the class F and f be in the class S.
(i) If g ∉ S, then f + g ∈ S.
(ii) For c ∈ C with c ≠ 0, cf ∈ S.
(iii) T (r, f )→∞ as r → 1.
(iv) The function u defined by u(z) = zf ′(z) satisfies u ∈ S.
Proof. Properties (i) and (ii) follow from the linearity of integration. To see property (iii), we use theorem 2 of Hayman [10]:
Suppose F is an analytic function inD such that F(0) = 0, and f = F ′ has bounded characteristic inD. Then for 0 < r < 1,
T (r, F) ≤

1+ 1
π
log

1+ r
1− r

T (1, f ),
where T (1, f ) = lim supr→1 T (r, f ).
If f ∈ S has the property that T (r, f ) is bounded, then Hayman’s result implies there is a real number λ such that
T (r, F) ≤ λ log 11−r for 0 < r < 1. But f ∈ S also implies
T (r, F)
log 11−r
→∞ (as r → 1),
and the property is proved.
To see (iv) we observe that integration by parts gives
f = u · f −

uf ′,
so since clearly uf ∈ F , if  uf ′ ∈ F , then  f ∈ F – a contradiction. 
Remarks. Property (iv) shows two functions in the class F which are not in S can have their product in S. However, the
relation
(2f )f ′ = f 2 ∈ F
shows this is not always the case.
The class S of functions is shown to be nonempty in Theorem 3 of Shea and Sons [1]. In fact, their theorem is constructive
resulting in a set of functions in S. Explicitly they give Example 1.
Example 1. Let φ be a positive, real-valued increasing function of r for 0 < r < 1. Let µ be a positive unit measure defined
on ∂D such that
f (z) =
∞
n=1
exp

n

∂D
w + z
w − z dµ(w)− λn

where rn with 0 < rn < 1 is an increasing sequence chosen so that
log
1
1− rn ≥
40
1− rn−1 , φ(rn) ≥ n
2,
and
λn = 1+ rn−11+ rn−1 for n ≥ 1.
Then we have
T (r, f ) ≤ φ(r), and lim sup
r→1−
T (r, h)
− log(1− r) = ∞,
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where h(z) =  z0 f (w) dw. If φ is chosen so φ(r) ≤ α log 11−r , then f is in S with lim supr→1− T (r,f )− log(1−r) ≤ α. If φ is chosen
so φ(r) = log log log 11−r for r ≥ r0, then f is in S with lim supr→1− T (r,f )− log(1−r) = 0.
Proposition 2.1 enables us to construct more examples in S from Example 1. We have the following.
Example 2. By property (iii) of Proposition 2.1 any function g of bounded characteristic in D is in the class F but not
in S. However if f ∈ S such as in Example 1, then f + g is in S by (i) of Proposition 2.1. Hence for g defined by
g(z) = (z − 1) exp  1+z1−z  or g(z) = (1− z)−1, we see f + g ∈ S.
Example 3. We shall see in Section 4 that if a function f in S is defined by a power series f (z) = ∞n=0 anzn, then
lim supn→∞ an = ∞.
We also note that for each index of growth in the classF there is a function inSwith that growth.Weprove the following.
Theorem 2.2. Let α(g) = lim supr→1− T (r,g)− log(1−r) . Then for every β ≥ 0 there exists a function f in the class S with α(f ) = β .
Proof. From Example 1 we have the conclusion for β = 0. For β > 0 consider the function g defined in D by
g(z) = exp

2πβi
1− z

.
Benbourenane and Sons proved in [8] that α(g) = β .
Hence if g is in the class S we have the desired function. If g is not in the class S, let u be a function in the class S for
which α(u) = 0, and note that (i) of Proposition 2.1 implies f = u+ g is in the class S. Since
T (r, u+ g) ≤ T (r, u)+ T (r, g)+ O(1), 0 < r < 1,
we have α(u+ g) ≤ β . On the other hand,
T (r, g) ≤ T (r, u+ g)+ T (r,−u)+ O(1)
gives β ≤ α(u+ g). 
3. Known function classes and the class S
Functions in the Hardy spaces Hp for p > 0 in D are known to have bounded Nevanlinna characteristic (cf. Duren and
Schuster [2], p. 16), so while Hp ⊂ F , we have Hp ∩ S = ∅ by property (iii) of Proposition 2.1. We shall see that weighted
Hardy spaces also have a null intersection with S.
3.1. Weighted Hardy spaces
Definition 3.1. Let p, q > 0. An analytic function f in D belongs to Hpq if and only if
sup
0≤r<1
(1− r2)q
 2π
0
|f (reit)|p dt
2π
 1
p
 <∞.
Theorem 3.2. Let p, q > 0. Then Hpq ∩ S = ∅.
Proof. We first show that Hpq ⊂ F .
For f ∈ Hpq , there is a real numberM such that for 0 ≤ r < 1,
M
(1− r)q
p
≥
 2π
0
|f (reit)|p dt
2π

.
Taking logarithms, we get that there exists a number M˜ such that, for 0 ≤ r < 1,
M˜ log
1
1− r ≥ log
+
 2π
0
|f (reit)|p dt
2π

.
Hence, by the arithmetic–geometric inequality, there is a real number M¯ such that for 0 ≤ r < 1,
M¯ log
1
1− r ≥ p
 2π
0
log+ |f (reit)| dt
2π

= pm(r, f ) = pT (r, f ).
Thus f ∈ F .
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To see that f ∉ S, take h analytic in Dwith h(0) = 0 and h′ = f . Then for 0 ≤ r < 1 we have
m(r, h) = 1
2π
 2π
0
log+ |h(reiθ )|dθ ≤ 1
2π
 2π
0
log+
 r
0
|f (ρeθ )|dρ dθ,
which, using the arithmetic–geometric mean inequality and Fubini’s theorem, implies
m(r, h) ≤ log+ 1
2π
 2π
0
 r
0
|f (ρeiθ )|dρ dθ = log+
 r
0
M1(ρ, f )dρ. (3.1)
Now, it is well known that, for 0 < ρ < 1, we have
M1(ρ, f ) ≤ Mp(ρ, f ), if p ≥ 1.
On the other hand, using a result due essentially to Hardy and Littlewood, which can be proved by modifying the proof
of Theorem 5.9 in [11] (see p. 841 of [12] for a precise proof) we have that if 0 < p < 1
M1(ρ, f ) ≤ CMp

1+ ρ
2
, f

(1− ρ)1− 1p , 0 < ρ < 1. (3.2)
Using these results in (3.1), we obtain that there are positive numbers K and s such that
m(r, h) ≤ log+ k
(1− r)s , r0 < r < 1.
This implies that h ∈ F and, hence f ∉ S. 
3.2. Bergman and Dirichlet spaces
We shall now define the weighted Bergman spaces and weighted Dirichlet spaces in D and see that they have empty
intersection with the class S.
Definition 3.3. For p > 0 and α > −1, the Bergman space Apα consists of all analytic functions f in D for which
D
{|f (z)|p(1− |z|)α}dA
 1
p
<∞. (3.3)
The unweighted Bergman space Ap0 is simply denoted by A
p. We prove the following.
Theorem 3.4. If f belongs to the space Apα for some p > 0 and α > −1, then f ∉ S.
Proof. Take f ∈ Apα and suppose that f ∈ S. Let h be the analytic function in D defined by
h(z) =
 z
0
f (w) dw for which lim sup
r→1−
T (r, h)
− log(1− r) = ∞.
Using the definition ofm(r, h) and the arithmetic–geometric inequality, we see for z = reiθ that
T (r, h) = m(r, h) = 1
2π
 2π
0
log+ |h(reiθ )| dθ
≤ 1
2π
log+
 2π
0
 z
0
f (w) dw
+ log 2 dθ
≤ c1 log+
 2π
0
 r
0
f (ρeiθ ) dρ dθ
≤ c1 log+
 r
0
 2π
0
f (ρeiθ ) dθ dρ,
using Fubini’s theorem. We now apply an estimate from Corollary B of Shapiro [13] to see that
T (r, h) ≤ c1 log+
 2π
0
 r
0
c2∥f ∥p,α(1− ρ)
−(α+2)
p dρ,
and so
T (r, h) ≤ c log 1
1− r
for some constant c , which contradicts f ∈ S. 
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Closely associated to the Bergman spaces are spaces termed Dirichlet-type. These have recently been investigated in
[6,4,5,7]. As with the Bergman spaces the weighted Dirichlet spaces extend the standard Dirichlet space.
Definition 3.5. For 0 < p <∞ and−1 < q <∞, we say an analytic function in D belongs to the weighted Dirichlet space
Dpq if and only if
D
|f ′(z)|p(1− |z|2)q dA <∞ (3.4)
where dA represents the area integral.
The ordinary Dirichlet space Dp consists of those analytic functions f in D for which q = 0 in (3.4).
Theorem 3.6. If f is an analytic function in D for which f ∈ Dpq for some q > −1 and p > 0, then f ∉ S.
Proof. We argue toward a contradiction in a manner similar to the proof of Theorem 3.4.
So suppose f is a function in S and f is in Dpq for some p and q. From property (iv) of Proposition 2.1 we see that if h is
defined in D by
h(z) =
 z
0
wf ′(w) dw,
then h ∉ F . Thus for z = reiθ , we have
T (r, h) = m(r, h) = 1
2π
 2π
0
log+
 z
0
wf ′(w) dw
 dθ,
and by the arithmetic–geometric inequality we have
T (r, h) ≤ 1
2π
log+
 2π
0
 r
0
ρ|f ′(ρeiθ )| dρ dθ. (3.5)
Note that since f ∈ Dpq , then f ′ ∈ Apα , so we can apply the estimate from Corollary B of Shapiro [13] as in Theorem 3.4 to
see that
T (r, h) ≤ c1 log+
 r
0
ρc2∥f ′∥p,q(1− ρ)
−(q+2)
p dρ ≤ c log 1
1− r
for some constant c . Thus, h ∈ F which gives the necessary contradiction. 
Finally, a number of conditions on the Taylor coefficients of an analytic function are known to imply its membership in
Hardy and Bergman spaces (see the text of Duren and Schuster [2]) and then they imply that f ∉ S.
4. Coefficients for power series representations of functions in S
The order σ(h) of a meromorphic function h in D is defined by
σ(h) = lim sup
r→1−
log T (r, h)
− log(1− r) .
It is well-known that a meromorphic function in D and its derivative have the same order (see Tsuji [14, p. 228]). Because
any function f ∈ F has σ(f ) = 0, we have σ(h) = 0 as well for h′ = f . If h is a meromorphic function in the unit disk Dwe
define
σ ∗(h) = lim sup
r→1
log+ log+M(r, h)
− log(1− r) .
It iswell known thatσ(h) ≤ σ ∗(h) ≤ σ(h)+1 (see Tsuji [14, p. 228]).MacLane [15, p. 38] proved that if h(z) =∞n=0 bnzn
then
σ ∗(h) = lim sup
n→∞
log+ log+ |bn|
log n− log+ log+ |bn| . (4.1)
Using these results we obtain easily the following result.
Theorem 4.1. Let h be an analytic function in D defined by h(z) = ∞n=0 bnzn. If λ is a positive valued function defined in the
integers for which limn→∞ λ(n) = 0 and |bn| ≤ exp(n
λ(n)
1+λ(n) ) for all n, then σ(h) = 0.
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4.1. Bounds on coefficients for power series representing functions in S
For readability in what follows in our study of coefficients of power series for functions f in S, we will use the convention
that
f (z) =
∞
n=0
anzn while h(z) =
∞
n=0
bnzn
where h ∉ F and f = h′. We first show the following.
Theorem 4.2. Suppose h is an analytic function in D which is not in the class F , f ∈ S,
h(z) =
∞
n=0
bnzn and h′(z) = f (z) =
∞
n=0
anzn.
Then, lim supn→∞ |an| = ∞, and lim supn→∞ |bn| = ∞.
Proof. Since h is analytic, we have for 0 ≤ r < 1
T (r, h) = m(r, h) = 1
2π
 2π
0
log+ |h(reiθ )| dθ,
≤ 1
2π
 2π
0
log+

|h(reiθ )|2 + 1

dθ,
≤ 1
2π
 2π
0
1
2
log
|h(reiθ )|2 + 1 dθ.
By a well-known inequality, the latter implies
T (r, h) ≤ 1
2
log

1
2π
 2π
0
|h(reiθ )|2 + 1 dθ .
Using Parseval’s identity we see that
T (r, h) ≤ 1
2
log
 ∞
n=0
|bn|2r2n + 1

. (4.2)
If we suppose lim supn→∞ |bn| ≤ k < ∞, then
∞
n=0 |bn|2r2n ≤ k2( 11−r2 ), so (4.2) gives T (r, h) ≤ k˜ log 11−r for some
constant k˜. Hence f ∉ S, a contradiction. Thus, lim supn→∞ |bn| = ∞. Because h′(z) = f (z), we get lim supn→∞ |bn| =
lim supn→∞
 an
n+1
 = ∞, so lim supn→∞ |an| = ∞. 
We gain some insight into how fast the coefficients {an}must go to infinity by the following theorem.
Theorem 4.3. Suppose f is an analytic function in D for which f (z) =∞n=0 anzn and for which for n = 1, 2, 3, . . . |an| ≤ cnp
for some integer p ≥ 1. Then f ∉ S.
The proof consists of assuming f is in S, and estimating m(r, h) for h′ = f to see that m(r, h) = O(log 11−r ), (r → 1−).
We omit the details.
4.2. Upper bounds on coefficients
Theorems 4.1 and 4.2 combine to give more information when the coefficients of h take a specific form.
Corollary 4.4. Suppose h is an analytic function in D which is not in the class F , f ∈ S, h′ = f , and
h(z) =
∞
n=0
bnzn.
If λ is a positive function defined on the positive integers for which bn = exp

n

λ(n)
λ(n)+1

, limn→∞ λ(n) = 0, and
lim supn→∞ bn = ∞, then lim supn→∞ λ(n) log n = ∞.
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Proof. We have log bn = n
λ(n)
λ(n)+1 , so
log log bn = λ(n)
λ(n)+ 1 log n.
Since lim supn→∞ |bn| = ∞, we have
lim sup
n→∞
λ(n) log n ≥ lim sup
n→∞
λ(n) log n
1+ λ(n) = ∞. 
The corollary gives a sense of how slowly λ(n)must go to zero as n goes to infinity when bn takes the specific form noted.
We illustrate by noting the following example.
Theorem 4.5. Let h be the analytic function in D for which
bn =

exp

n
1
log log n+1

for n = 2, 22, 23, . . .
0 otherwise.
Then h ∉ F .
We omit the details of the proof of Theorem 4.5, but observe that it raises the question of gap series representation for
functions in the class S.
4.3. Gap series representation
Definition 4.6. A function f defined in D is said to be represented as a Hadamard gap series if there is a number q > 1 such
that f (z) =∞k=0 akznk for all z where nk+1nk ≥ q for all k.
We shall see that no function in the class S can be represented by a Hadamard gap series. We prove the following.
Theorem 4.7. Suppose h is an analytic function in D with h′ = f ∈ S. Then neither h(z) nor f (z) can have the form∞k=0 ckznk
for all z ∈ D where nk+1nk ≥ q > 1 for all k and some real number q.
Proof. We assume there is a q˜ such that h(z) = ∞k=0 ckznk with nk+1nk ≥ q˜ > 1 for all k. Hence there is a qˆ such that
f (z) =∞k=0 nkckznk−1 has nk+1−1nk−1 ≥ qˆ > 1 for all k. For simplicity, let q = min(q˜, qˆ). We first use the growth of f to get an
upper bound on the coefficients for the power series of f .
By Taylor’s theorem we know for each k,
|cknk| =
 f (nk−1)(0)(nk − 1)!
 .
Letting z = reiθ we set ρ = (r + 1)/2 and use Cauchy’s formula to see that for each k,
|cknk| =
 12π i

|z|=ρ
f (ξ)
ξ nk
dξ
 ≤ 12π
 2π
0
f (ρeiθ )
ρnk
ρ dθ,
so
|ck| ≤ 1nkρnk−1
1
2π
 2π
0
f (ρeiθ ) dθ. (4.3)
We now use these inequalities to estimate log+ |h(z)| for z = reiθ , 0 ≤ θ ≤ 2π .
If λ is chosen so that
nλ+1 ≥

1
2π
 2π
0
|f (ρeiθ )| dθ

≥ nλ, (4.4)
we get for |z| = r
s2 = log+
 ∞
k=λ+1
ckznk
 ≤ log+
 ∞
k=λ+1
|ck|rnk

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and using (4.3) we have
s2 ≤ log+
 ∞
k=λ+1
rnk
nkρnk−1
· 1
2π
 2π
0
|f (ρeiθ )| dθ

,
so
s2 ≤ log+

ρ
nλ+1
∞
k=λ+1

r
ρ
nk 1
2π
 2π
0
|f (ρeiθ )| dθ

.
From (4.4) we get
s2 ≤ log+

ρ
∞
k=λ+1

r
ρ
nk
≤ log+

1
1− r
ρ

.
Since ρ = (r + 1)/2 we then obtain for some r0 with 0 ≤ r0 < 1,
s2 ≤ log+

2
1
1− r

≤ 2 log 1
1− r , (r ≥ r0). (4.5)
To estimate the first part of the series for |h(z)|, we note that since nk+1nk ≥ q > 1 for all k ≥ 1, we have nk ≥ qkn1 ≥ qk.
Hence log nλ ≥ λ log q, and
λ ≤ log nλ
log q
. (4.6)
For |z| = r , it is convenient to define
µf (r) = max
k
|ck|nkrnk−1 . (4.7)
We now estimate s1 where
s1 = log+
 λ
k=0
ckznk

≤ log+
λ
k=0
|ck|rnk ≤ log+
λ
k=0
|ck|nkrnk−1r.
Using (4.6) and (4.7) we can write
s1 ≤ log+

log nλ
log q
µf (r)

,
which by (4.4) gives
s1 ≤ log+

µf (r)
log q
log

1
2π
 2π
0
|f (ρeiθ )| dθ

,
so
s1 ≤ log+

µf (r)
log q
· logM(ρ, f )

. (4.8)
We combine the estimates in (4.5) and (4.8) to see
T (r, h) = m(r, h) = 1
2π
 2π
0
log+ |h(reiθ )| dθ,
≤ 1
2π
 2π
0

log+
 λ
k=0
ckznk
+ log+
 ∞
k=λ+1
ckznk
+ log 2

dθ,
≤ 1
2π
 2π
0

log+

µf (r)
log q
logM(ρ, f )

+ 2 log 1
1− r + log 2

dθ,
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for r ≥ r0. Consequently for r ≥ r0,
T (r, h) ≤ log logM(ρ, f )+ logµf (r)+ 2 log 11− r + log 2+ O(1). (4.9)
We now use the well-known inequality
T (r, h) ≤ log+M(r, h) ≤ R+ r
R− r T (R, h), 0 ≤ r < R < 1
with R = (1+ ρ)/2 and the fact that (1.2) holds since f ∈ F , a short calculation shows
lim sup
r→1
log logM(ρ, f )
log 11−r
<∞.
Thus, because f ∈ S and h ∉ F , we have by (4.9) that
lim sup
r→1
logµf (r)
log 11−r
= ∞. (4.10)
Now we apply Theorem (8.25) on page 216 of [16] to know that
|f (reiθ )| ≥ γqµf (r)
on a set θ ∈ E where the measure of E is at least kq, where both the γq and kq are dependent on q and not r . Then
T (r, f ) = m(r, f ) = 1
2π
 2π
0
log+ |f (reiθ )| dθ,
≥ 1
2π

E
log+ |γqµf (r)| dθ. (4.11)
But (4.11) implies with the use of (4.10) that
lim sup
r→1
T (r, f )
log 11−r
= ∞,
a contradiction to f ∈ F , and the proof is complete. 
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